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Abstract 

Digital Kronecker-sequences are a non-archimedean analog of classical Kronecker- 
sequences whose construction is based on Laurent series over a finite field. In this 
paper it is shown that for almost all digital Kronecker-sequences the star discrepancy 
satisfies D'^ > c{q, s)(log A'^)^ log log A'^ for infinitely many € N, where c{q, s) > 
only depends on the dimension s and on the order q of the underlying finite field, 
but not on N. This result shows that a corresponding metrical upper bound due to 
Larcher is up to some log log term best possible. 

1 Introduction and statement of the result 

For an s tuple a = (ai, . . . , as) of reals the classical Kronecker-sequence 5(a) = {xn)n>o 
is defined by 

Xn ■■= {{nai}, . . . ,{nas}) for n G No, 

where {x} denotes the fractional part of a real number x. It was shown by Weyl [15] 
that that S{ct) is uniformly distributed in the s-dimensional unit-cube [0, 1)* if and only 
if 1, «!, . . . , tts are linearly independent over Q. Quantitative versions of this result can 
be stated in terms of star discrepancy which is defined as follows: 

Let S = (t/„)n>o be an infinite sequence in the s-dimensional unit-cube [0, 1)''. For 
X = (xi, . . . , Xs) e [0, 1]"^ and N E N (by N we denote the set of positive integers and we 
set No = NU {0}) the local discrepancy D{x, N) of S is the difference between the number 
of indices n = 0, . . . , A^— 1 for which belongs to the interval [0, x) = Y[j=i[^j ^j) the 
expected number Nxi ■ ■ - Xg of points in [0, x) if we assume a perfect uniform distribution 
on [0, 1]*, i.e., 

D{x, N) = #{0 <n< N : a;„ G [0, a;)} - A^xi ■ ■ ■ x,. 

Definition 1 (star discrepancy). The star discrepancy of a sequence S is the Loo-norm 
of the local discrepancy, i.e., 

D%{S) = \\D{x,N)\U 
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Note that often a normalized version is used for defining the star discrepancy. A se- 
quence S is called uniformly distributed if and only if the normalized star discrepancy 
D^{S)/N tends to for growing A^. Furthermore, the (normalized) star discrepancy can 
be used to bound the integration error of a quasi-Monte Carlo algorithm based on S via 
the well known Koksma-Hlawka inequality. For more information on uniform distribution, 
discrepancy and quasi-Monte Carlo integration we refer to [3l O [11] . 

Apart from the one- dimensional case s = 1, it is very difficult to give good estimates 
for the star discrepancy of concrete Kronecker-sequences. In a remarkable paper Beck [T] 
showed the following metrical result: 



For arbitrary increasing function (f{n) of n & N we have 

oo _ 

(logAr)V(loglogAr) ^ V — - < oo 

for almost all a. 



In particular, for almost every a G we have 

D*^{S{a)) (logA^)^(loglogAr)i+- 
for every e > 0, and for almost every a G there are infinitely many A^ G N such that 

D%{S{cx)) > c(s)(logA^)MoglogAr 
with a c(s) > not depending on A^. 



In connection with the construction of digital sequences a "non-archimedean analog" 
to classical Kronecker-sequences has been introduced by Niederreiter pTt Section 4] and 
further investigated by Larcher and Niederreiter [8]. 

Let g be a prime number and let be the finite field of order q. We identify with 
the set {0, 1, . . . , g — 1} equipped with arithmetic operations modulo q. Let Zq[a;] be the 
set of all polynomials over Zg and let Zg((x~^)) be the field of formal Laurent series 

oo 

g = akX~^ with G Zq and w G Z with ^ 0. 

k=w 

The discrete exponential evaluation u oi g is defined by ^{g) := —w (z^(0) := — oo). 
Furthermore, we define the "fractional part" of g by 

oo 

{g} := ^ akX~''. 

k=max(l,w) 

Throughout the paper we associate a nonnegative integer n with g-adic expansion 
n = riQ + Uiq + ■ ■ ■ + n^q^' with the polynomial n{x) = rio + niX + ■ ■ ■ + n^x^ in Zg[x] and 
vice versa. 

^Here A{N^ s) B{N, s) means that there exists a quantity c(s) > which depends only on s (and 
not on N) such that A{N, s) < c{s)B{N, s). 
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For every s-tuple / = (/i,...,/^) of elements of Zg((a; ^)) we define the sequence 
S{f) = {x„)n>o by 

Xn = {{n{x)fi{x)}i^=q,. . . ,{n{x)fsix)}i^=y) for n G Nq. 

This sequence can be viewed as analog to the classical Kronecker-sequence and is there- 
fore sometimes called a digital Kronecker-sequence (this terminology will be clearer in a 
moment). 

In analogy to classical Kronecker-sequences it has been shown in [B] that a digital 
Kronecker-sequence S{f) is uniformly distributed in [0, 1)'' if and only if 1, /i, . . . , are 
linearly independent over Zg[a;]. The special case that the are rational functions was 
studied in ^ and in 

In the analysis of digital Kronecker-sequences one can obviously restrict to the set 
Zq((x~^)) of Laurent series over Zg with w > 1, i.e. with g = {g}. 

In analogy to the results of Beck here we are interested in metrical results for the star 
discrepancy of digital Kronecker-sequences. To tackle this problem we need to introduce 
a suitable probability measure on {Zq{{x~^))Y . 

By II we denote the normalized Haar-measure on Zg((x~^)) and by fis the s-fold 
product measure on (Zq((a;~^)))**. We remark that fi has the following rather simple 
shape: If we identify the elements YlT=i ^kX~^ of Zg((x^^)) where tk ^ q — 1 for infinitely 
many k in the natural way with the real numbers YlT=i '^k<l~'^ G [0, 1), then, by neglecting 
the countable many elements where 7^ g — 1 only for finitely many fc, /i corresponds to 
the Lebesgue measure A on [0, 1). For example, the "cylinder set" C(ci, . . . , Cm) consisting 
of all elements g = akX~^ from Zq((x~^)) with = for /c = 1, . . . , m and arbitrary 

Ofc G Zq for /c > m + 1 has measure /i(C(ci, . . . , Cm)) = g"™. 

In [7] Larcher proved the following metrical upper bound on the star discrepancy of 
digital Kronecker-sequences. 

Theorem 1 (Larcher, 1995). Let s G N, let q be a prime number and let e > 0. For 
fig-almost all f G (Zq((x~^)))'' the digital Kronecker-sequence S{f) has star discrepancy 
satisfying 

D*^iSif)) < c(g,s,£)(logiV)^(loglogiV)2+^ 
with a c{q, s,e) > not depending on N. 

Recall that it follows from a result of Roth [12] that there exists a quantity c(s) > 
such that for every sequence S in [0, l)'^ we have 

D%{S{f)) >c{s){\ogNy/^ for infinitely many NeN. (1) 

For a proof, see, for example, [5J, Chapter 2, Theorem 2.2]. Many people believe that the 
exponent s/2 of the logarithm in ([T]) can be replaced by s but until now there is no proof 
of this conjecture for s > 2. For s = 1 we have 

D*j^{S) > clog N for infinitely many NeN (2) 

with a constant c > which is independent of A^. This has been shown by Schmidt [13] . 

It is the object of this paper to show that the metrical upper bound from Theorem [1] is 
best possible in the order of magnitude in (up to some log log term). We will prove: 



3 



Theorem 2. Let s G N and let q be a prime number. For fig-almost all f G C^qiix ^)))'* 
the digital Kronecker-sequence S{f) has star discrepancy satisfying 

D^{S{f)) > c{q, s)(log A^)'^loglog for infinitely many N E N 

with some c{q, s) > not depending on N. 

For the proof of Theorem [2] we use an approach similar to the technique used by 
Beck [1] to give a metric lower bound for the discrepancy of Kronecker sequences. In the 
following section we will collect some auxiliary results. The proof of Theorem [2] is then 
presented in Section [31 

2 Auxiliary results 

For given f = {f,, . . . , /,) G {Z,{{x~'))y with = ^ + ^ + ^ + ...g Z,{{x-')) we 
define N x N matrices Ci, . . . ,Cs over Zg by 

fj,l fj,2 fj,3 ■ ■ ■ ^ 
fj,2 fj,3 fjA ■ ■ ■ 
fj,3 fjA fj,5 ■ ■ ■ 
/ 

Then the elements a3„ of the digital Kronecker-sequence can be constructed with the 
following digital method: For n G No with g-adic expansion n = Uq + riiq + n2q^ + ■ ■ ■ 
(this expansion is obviously finite) we set 

n = {no, ni, ^2, .-Ye (Z^)^ 

and then we put 

Xnj '■= Cjfi for J = 1, . . . , s 

where all arithmetic operations are taken modulo q. Write Xnj as Xnj = {xnj,i, Xnj,2, ■ ■ ■)~^ ■ 
Then the nth point Xn of the sequence S{f) is given by Xn = {xn,i, ■ ■ ■ , Xn,s) where 

It follows that digital Kronecker-sequences are just special examples of digital sequences 
as introduced by Niederreiter in |T0], see also [31 [11]. This way of describing the sequence 
S{f) is the reason why it is called a digital Kronecker-sequence. 

We continue with some notational issues. As already mentioned we sometimes con- 
sider j G No as elements in Zglx] and vice versa. Similarly, / G Zq((x~"'^)) is sometimes 
considered as element in [0, 1) and vice versa, just by substituting q for x. It should 
always be clear from the context what is meant. However, multiplication and addition of 
polynomials and Laurent series are always performed in Zq((a;~^)). 

An important tool in our analysis are g-adic Walsh functions which we introduce now: 




4 



Definition 2 (g-adic Walsh functions). Let g be a prime number and let Uq := exp(27ri/g) 
be the gth root of unity. For j E Nq with g-adic expansion j = jo + jiQ + 321^ + ■ ■ ■ (this 
expansion is obviously finite) the jth g-adic Walsh function gwalj : M — )■ C, periodic with 
period one, is defined as 

gwalj(x) = cjMi+ii6+i26+- 

whenever x G [0, 1) has g-adic expansion of the form x = ^ig^^ + ^2Q'~^ + ^3(1~^ + • • • 
(unique in the sense that infinitely many of the digits C,i must be different from g — 1). 

We collect some properties of Walsh functions. More informations can be found in [21 
Appendix A]. 

Lemma 1. For j,k,l G Zg[x] and /, /i,/2 G Zg{{x~^)) we have 

1. gwalj(fc/i + lf2) = gWaljfc(/i) (,walj7(/2), where kfi + lf2 is evaluated in Zq{{x^^)) 
and jk and jl, respectively, in Zg[x]; 

2. gwalj(/) gwalfc(/) = gwalj+fc(/); 
3. 

J2 gWaU(x/g"^) gwal^x/g™) = 

x=0 

( orthonormality of Walsh functions ); and 
4-. gWalfc(x) dx = whenever k ^ 0. 

Proof. These are standard properties of Walsh functions and are easily deduced from their 
definition. Alternatively we refer to [3l Appendix A]. □ 

We need some notation. For m G No let 



1 ifx'^\k-l, 
otherwise. 



{x = rq~"' G [0,1) : r = 0,...,g™- 1}, 
Q^(g™) = {a; = (xi,...,x,)G[0,l)^ :x,GQ(g™) for j = l,...,s}. 

Lemma 2. Let S{f) = {Xn)n>o be a digital Kronecker- sequence generated by an s-tuple 
f = (/i, ...,/,) G {Zg{{x~^))y~. LetNeN with base q expansion N = N^_iq^-^ + ■■■ + 
Niq + Nq and let x = {xi, . . . ,Xs) G Q'*(g'"). Then we have 

D{x, N)= Yl n ^'^^ (^^■) ^(^1' ■ • • ' ^^))' 

fcl,...,fcs=0 \j = l / 

(fel,...,fcs)7^{0,...,0) 

where for k = Kg°~^ + k' with aG N, l<K<g and < k' < g"~^ we have 

1 (\ 



"^'^^^ " ^ [ 1 - o;-^ .^aU.(x) + + _ ^ ) ,waU(a;) (3) 



m—a q—\ 



+ E gc(^^ _ 1) .wal;,.+c-i+fc(x) - ,waU(x) ) (4) 
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and for k = we have 



^ rn q-l ^ ^ 

c=l 1=1 ^ ^ 1 ^ ^ 



and where 



G{N,w{ki,...,ks)) 

with 



^b^N^ ]^ f AT 



w = w{ki, ...,k,) = -ui kjfj 



.i=i 



However, ifw>m, then we put G{N,w) = N. 



Proof. This follows directly from |9l Lemma 7] and the construction of S{f) in terms of 
matrices Ci, . . . ,Cs- □ 

Lemma 3. For m G N and ki, . . . ,ks G l^qlx], not all of them 0, let 

MUh, ...,ks):= {(/i, ...,fs)e {Z,{{x-')y : u{{kj, + ■■■ + < -m}. 

Then we have ^ 

fls{Mrn{ki, . . . , ks)) 



qm-i- 



Proof. Let x be the characteristic function of the interval [0, q ^^). Then x has a finite 
Walsh series representation in base q of the form 

X{x) = ^ aigwali{x) 

i=0 

with flo = q~^'^~^\ see [U Lemma 3.9]. Now 

/i,(M™(A;i,...,A;,)) = / xiihfi + ■ ■ ■ + ksfs}) df, . . . dfs 



'[0,1] 

ao + 

i=l 



ttj / gWali(A;i/i H h fc^/^) d/i . . . d/^ 

i=l 7 = 1 



1 



since at least one of the kj is different from zero and for such a kj we have jj^ gwaljfc^. (fj) dfj = 
according to Lemma [1] □ 
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Lemma 4. Let P C (Z5[x]\{0})*. For {ki,...,ks) G P with deg{kj) — rj for j — 1, . . . , s 

let f3i{ki), . . . , f3s{ks) e liqlx] be polynomials which satisfy Pj{kj) — or gcd{f3 j{kj), kj) — 1 
for all j — 1, . . . , s, but not all of them equal to zero. Let 

M := {(/i,...,/,)e(Z,((0))' : ^{{kifi + --- + ksfs})<-{ri + --- + rs), 
y{{{k, + + • • • + (fc. + ms))fs}) < - L(ri + • • • + r,)/2j 

for infinitely many {ki, . . . ,ks) G P with gcd(A;i, . . . ,ks) — 1}. 

Then we have ^ 

fisiM) = 0. 

Proof. For given ki, . . . ,ks with gcd(A;i, . . . ,ks) = I and not all kj = 1 let 

M,{k,, {(/i, ...,/,): u{{k^f, + ■■■ + kJ,}) < -(n + • • • + r,)} 

and 



M2(A;i,...,A;,) := <|(/i,. ..,/.) : 

' ri H h 



iy{{{ki + /3i(A;i))/i + • • • + (A), + /3.(A;,))/,}) < 

Let m = ri + • • • + r^, let xi be the characteristic function of the interval [0, g"*-™""^^) 
and let X2 be the characteristic function of the interval [0, gL'"/2j-i) Then we have finite 
Walsh series representation of Xi a-nd X2 in base q given by 

qm-l_i ^L"i/2J-l_l 

Xi = ^ ^walj and X2 = ^ of ^ gwal^ 

i=0 i=0 

with ^ ^ 

al^^ = T and al^^ = 



*o - qm-i "0 -^Lm/2j-i- 

Now we have 

l^s{Mi{ki, ...,ks)n M2{ki, ks)) 
= / Xi{{kifi + ■■■ + kj,})x2{{{k, + Mki))fi + --- + {ks + /3s{ks))fs}) d/i . . . d/, 

^[0,1]" 

= aWaf)+ V af^af /" ^wal,(^i/i + • • • + fc,/,) 

X ,wal,((A;i + Mki))fi + + + l3s{ks))fs) d/i . . . d/,. 
The integral in the last sum equals 

IT / qWaliki+j(ki+l3i{ki)){fl)dfl 
1=1 

and this is zero unless we have 

iki + j{ki + l3i{ki)) = VZ = l,...,s. (5) 
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This certainly cannot hold if i = or j = 0. Let i,j ^ 0. If Pj{ki) = for some I and if 
([5]) holds, then ikj + jkj = and hence i + j = 0. Therefore we have j/3i{ki) = for all 
I = 1, . . . , s and hence Pi{ki) = for all / = 1, . . . , s what is a contradiction. This means: 
If dS]) holds, then i,j 7^ and f3i{ki) 7^ for all / = 1, . . . , s. Hence for all Z = 1, . . . , s we 
have gcd{ki, ki + Pi{ki)) = 1. 

Now, if ([5]) holds, for any /, I' with I ^ I' we have 

iki+j{ki + l3i{ki))=0 and iki, + j{ki, + Pi^ki,)) = 0, 

hence 

= ikiki, +j{ki, +j{ki + /3i{ki))ki, 

= -kij{kv + Pv{kv))+j{ki + Pi{ki))kv 

= ]mki)kv - (5,{h,)ki), 

and therefore 

Pv{h,)h = l3i{k{)kv. 

Since gcd(/c;,/3;) = 1, we conclude that ki\kii for all Since gcd(A;i, . . . , fc^) = 1 it follows 
that ki = 1 and, since / was arbitrary, {ki, . . . ,ks) = (1, . . . , 1), a contradiction to the 
assumptions. So 

i^s{Mi{ku ...,k,)r] M2{ku . . . , k,)) = 4^)4') 

and 

iisiM) < Jim 



qm+lm/2]-2 



□ 



Lemma 5. Let {Q,A,fi) be a measure space and let (A„)„>i be a sequence of sets An & A 
such that 



^fi{An) = 00. 

n=l 

Then the set A of points falling in infinitely many sets An is of measure 

f'{A) > limsup — ^ . 

Proof. This is [HI Lemma 5 in Chapter I]. A proof can be found there. □ 

Lemma 6. Let P C (Zg[a;] \ {0})'' such that (1, . . . , 1) P and for each (ki, . . . , kg) E P 
we have gcd(A;i, . . . , kg) = I- Let 

M = {{fi,...,fs)e{Z,{{x-'))r : u{{k^f, + ■■■ + kJg})<-F{r^,...,rg) 

for infinitely many {ki, . . . , kg) E P}, 
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where ri = deg{ki), and F : Nq N is such that 

o^(ri,...,r.) = 

ikl,...,ks)(^P ^ 

Then _ 

fXs{M) = 1. 

Proof. For given {ki, . . . , ks) G P let 

M(fci, . . . , fc,) := {(/i, . . . , /,) G {Zgiix^'W : z/({A;i/i + ■ ■ ■ + JJ) < -F{r,, . . . , r,)}. 
With the same proof as for Lemma [3] we have 

and hence ^ 

(fci,...,A:,)GP (fci,...,fc,)eP ^ 

and we can use Lemma [5] to obtain 

I E /i.(M(A;i,...,A;,)) 
/..(M) > ^lim ^ "^;(M(A;i,...,MnM(/i,...,g)- 

(fei,...,fe3)eP 
(ii,...,is)ep 

Edog(fcj),j:dcg(ij-)<-R 

Proceeding in the same way as in the proof of Lemma H] we obtain 

/i,(M(fci, . . . , fc,) n M(/i, . . . , /,)) = ^,(M(A;i, . . . , fc,))/i,(M(/i, . . . , /,)) 

provided that for all 7^ (0,0) we have that 

iku + jlu = (7) 

does not hold for all u = 1, . . . , s. Of course, by the definition of P the condition ([7]) can 
only hold if z, j 7^ 0. If for u 7^ f we have 

iku + jlu = and ik^ + jlv = 0, 

then 

Hence, if (JTj) holds for all m, then we have 

1 k — h 1 

for all u, f = 1, . . . , s what is a contradiction since gcd(fci, . . . , fc^) = gcd(Zi, . . . , /s) = 1 
and (/ci, . . . , A;^) 7^ (1, . . . , 1) and (/i, . . . , Z^) 7^ (1, • • • , 1) unless (/ci, . . . , /c^) = (/i, . • • , Z^)- 
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If we denote the summands of the sum in the denominator of ([6]) in any order by 
Oi, . . . , ag, then the expression on the right hand side of ([6]) can be written as 



hm 



Since < a^. < 1 for all k, and since limQ_j.oo Ylk=i O'k = the limit in is one and the 
result follows. □ 



3 The proof of Theorem [2 



We use the representation of D{x, N) given in Lemma [21 For any A;* = {k^, . . . , k*) G 
with the property that each of the k* is of the form 

with some a* >3 and some < Z* < we put 
A := A(fc*) := D{x,N) gwah*ix) 

3;6Q=(<J™) 



gm_l 

E 

/ci,...,fes=0 
(*:i,...,fcs)y^(0,...,0) 



GiN,wiki,...,h)). 



By the definition of the Jk and by the orthonormality of Walsh functions (see Lemmad]) 
we have 

9{k) := ^ Jfc(x) gwalfc.(x) = 

unless we are in one of the following three cases (with k = K,q°'~^+k' and k* = g"*~^ + (A;*)'): 

1. k is such that k' = k*, i.e., k = Kq"-*~^'^~^ + k* for some c G N and k, G {1, . . . , g — 1}. 
In this case we have 

1 1 
e(k) = —- = . 

2. k is such that k = k*. In this case we have 



3. k is such that k = {k*)' = g"* ^ + /*. In this case we have 

1 1 



e{k) 



10 



We write (k*)' =: kj = (f^ + ■ ■ ■ (note that k* is uniquely determined by /cj) 

/3,(^„0) := 

:= q^y' 

and for t G No and Uj G {tq — t + 2, . . . ,tq — t + q} we put 



f3j{k,, Uj) = q"'^-^ + g"^* -{tq-t + 1)). 



Then for Uj > 2 we have 

fc,- + I3,(k,, u,)) = (k*)' + g'^.-i + - (tg - t + 1)) = k* + 

where k = Uj — (tq — t + 1) . Hence, according to Cased], we have 

\9{k,+/3,{k„uM < ci(g)-^^ < c,{q)-^^^^ 

for some Ci(g) > 0. Similarly, 

k,+P,ik^,0)) = ik*)' 
and hence, according to Case [3l we have 

\e(k, + P,ik,,0)))\<C2iq)^ 

q ^ 

for some C2(g) > 0, and 

k, + /3,{k„i)) = {k;y + q-*^-' = k* 

and hence, according to Case [21 we have 

\e(k, + f3,ik„l)))\<csiq)^ 

q ^ 

for some c^^q) > 0. Summing up, for all Uj > we have 



m,+f3,{k„uM<cdl)^FT^g 

q J ^ 



for some c^^q) > 0. 
Now we have 

«l,...,Ms>0 



Y[9{kj + f3j{k„uj)) 



(9) 



^(A^, + f3i{ki,ui),...,k, + (3,{ks, n^))) 



where the summation is over all Uj with kj + f3j{kj, Uj) < q^ for all j = 1, . . . , s. Then 
for any J G N we have 



|A| > 



lleik,) 



G{N,w{k^,...,k,)) 



(10) 
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E 



0<u-i,...,us<J \_j = '\_ 
{ui,...,us)/{0,...,0) 



G{N, w{ki + /3i{ki,ui), . . . ,ks + /3s{ks, Us)) 



E 



u-i,...,us >0 
3j: u,>J 



lleik, + p,{k,,u,)) 



G{N, w{ki + f3i{ki, ui), ...,ks + /3s{ks, Us)) 



Note that \G{N,w{ki, . . . , ks))\ < qN always. Therefore and using (|9]) for the last 
sum in (fTOj) we have 



|S| < 



qN 



q 



ajH ha* 



E 

til ,.. .,lts 
3j: Uj>J 



^ 2is_ 



< Cr>{q,s)—, 



N 1 



ga*H haj g^J/q ' 



with some 05(5, s) > depending only on q and on s. 
Let the function F from Lemma [6] be such that 

^F(n,...,r-.) _ ^ri+...+r, ^ . . . ^ ^Js j^g^^^ + . . . + 

Let P from Lemma [6] be given by 



(11) 



P = <!(A;i,...,fc,) G (Zjx]\{0})^ : (fci, . . . , A;,) ^ (1, . . . , 1), gcd(A;i, . . . , fc,) = 1 



/c- = + £. for some G N and < £j < g"'"^ for all i = 1, 

/ J 9-1 
and gcd I ki, x Y\ ]^(1 + 

V j = l K = l 



1 for alH = 1, . . . , s 



(12) 



Lemma 7. With F as in (fTTj) and P as in (fT2l) t^e /iat'e 

1 



E 



F(r-i,...,r, 



CXD, 



(A:i,...,fc,)eP 



where = deg(A;i). 
Proof. We put 



E 



1 



F{ri,...,rs) ■ 



{ki,...,ks)eP 

Let 1^5(0) be the set of all monic polynomials over Zg with degree a, i.e. 

Wq{a) = {k E : deg{k) = a and is monic}. 

Put p := X Y[j=i 11^=1(1 + '^^'') — '"Pi^ ■ ■ 'Pr^^ with u E Zq, irreducible factors pi, . . . ,pr G 
Zg[x] and ai, . . . , G N. Then we have 



T 



E 



F{ai,...,as) 



ai,...,as 
aiH |-as?^0 



E - E 1- 

gcd(fei,p) = l gcd(fci,,p) = l 



(13) 



gcd(fci,...,A:s)=l 
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Let fig the polynomial analog to the Mobius-// function defined by = 1 and 

fig{af) = ji{f) for a Eljq and / G '^q[x\, ^q{f) = if there exists an irreducible g E 
with g^\f and = (—1)'' if / splits up in p different irreducible factors. We just 

remark that fig is multiplicative and refer to [21 p. 42] for more informations. 

First we consider the case s = 1. Then the inner sum in ( I13p reduces to (we omit the 
index "1" for the sake of simplicity) 

kewq(a) k£Wq(a) e\gcd{k,p) 

gcd{fc — 1 

e\p keWq(a) 
l\k 

= E^^w E 1- 

lceWq(a) 

If ic G Wq{a), then the leading coefficient of the polynomial c is uniquely determined by 
£ and deg(c) = a — deg(£). Hence we have 

^ 1 = g'^-d'=g(^) 

e, 

and therefore we obtain 



C^Zq[x] 



Pq{i) 



E ^ ^ E odegW • 

keWq(a) i\p ^ 

gcd(fc,p) — 1 



Using the factorization of p we now obtain 

E 1 = ^"E-E 



keWq(a) dl=0 dr=0 V ' ^ 



gcd(fe,p) = l 



.-nE"''"' 



> 

- y 2^ 



gdeg(pj) 



Inserting this result into ( IT3l) yields 



T > — V-r^ — = oo 
- 2"- ^ aloga 

a=l 

as claimed. 

Now assume that s > 2. As above we begin by studying the inner sum in (fT3l) . We 
have 

E ••• E 1 = E E E "M 

ki£Wq(a-i^) kseWq(ag) feieWq{ai) ksSWqias) £| gcd{A;i , . . . ,fcs ) 

gcd{ki,p) — l gcd(fcs,p) = l gcd{fci,p) = l gcd{*;s,p) = l 



gcd(fci,...,fcs)=l 
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E /^.(^) n 



deg(^) <min(a]^ , . . . ,as) 



E 1 

kieWgiai) 
gcd(fcj ,p)=l 



/ 



For any factor of the above product we have (we omit the index "i" for the sake of 
simphcity) 



if gcd(£,p) > 1, 

E 1 if gcd(£,p) = l. 



gcd(fe,p)=l 



c£Zq [x] 
tceWq{a) 
gcd(^c,p)=l 



<ceVVg(a) 
gcd(c,p)=l 



Using the same arguments as above it can be shown that 



gcd(c,p) = l 



where A{p) := HLi (l - q'^"^^^^'^) > 2'^ Hence we obtain 



*!ieWq(ai) feseWq(as) 
gcd(fcj,p) = l gcd(fcs,p)=l 
" V ' 

gcd(fci,...,A;s)=l 



E 



^aiH ha; 



deg{^)<min(aj^,...,as) 
gcd(^,p) = l 



sdeg{e)' 



A{py 



^^(p)Mnf y 

dog(£)<a; ^ 
gcd(^,p) = l 



We show that 



For any x e N we have 



B := inf y 



deg(^)<a! ^ 
gcd(«,p)=l 



E 

deg(£)<x 
god(€,p)=l 



deg(£) 



deg(^)=0 l<deg(«)<x ^ 

gcd(^,p)=l gcd(£,p) = l 



'^-1+ E 



l<deg(£)<x 
gcd(€,p)=l 



deg(^) ' 



(14) 



for the last sum we have 



E 

l<deg(<)<x 
gcd(€,p)=l 



qs deg{e) 



< 



< 



1 °° 1 

qS "'^ (vSd "'^ 

^ deg(£) = l d=2 ^ deg(£) = d 

gcd(<,p) = l 
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where we used J2 1 < — 1)** since x\p. Hence it follows that 



gcd(<,p) = l 



/^'/W ^-1 1 ^ ^^-1 



r,sdeg{e) -y'i ^ 



deg(<)<a: ^ \ y 

gcd{£,p) = l 

and hence (fT^ is shown. 
Hence 



> 



gcd(fcj,p) = l gcd(fes,p) = l 

^ y 



gcd(fci,...,fcs)=l 

Inserting this in ( !T3|) we obtain 



— 4 (jF(ai,...,as)^ 

a-\ .. . . .a a ^ 



^iH htisT^O 



> 



OO oo 



> 



1 g - 1 
2rs 4 log (i ^ 

d=l ^ ai,....a3=0 
a^H has—' 

1 1 + 

Z^ <7s In 

d=\ 

1 g - 1 1 



1)! 5Z rfloe 



2^^^ 4 (s - 1)! ^ rflogd 

CXD, 



where we used that ("^j"^) > (T^. □ 

Now we use Lemma [6] and find that the set M for our choice of F as in (11 II) and P as 
in (fT2l) has measure /^^(M) = 1. 

Next we consider the finite collection of s-tuples 

. . . ,fis{ks,Us)) 

for Ml,..., Ms = 0, 1, . . . , J but not all equal to 0. Note that each of these f3i{ki,Ui) 
considered as element of is or relatively prime to ki for each {ki, . . . , kg) which is 
an element from P defined above. 

Now we use Lemma H] where we choose P as P = P from (!T2l) and for any choice 
of Ml, . . . , Ms = 0, 1, . . . , J but not all equal to 0, we choose the f3i{ki) from Lemma H] as 
= f^i{ki,Ui). Then for the corresponding set M := M(mi, . . . ,Us) of Lemma H] we 
have Hs{M) = 0. 

We set 



M:=M\ U M(mi,...,m,) 

and find that /is(M) = 1. 



(ui,...,iis)#(0,...,0) 
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Now we make a suitable choice for / = (/i, . . . , fs) and for k*. Let {fi, . . . , fg) G M 
and let {ki, . . . , kg) G P be such that 



and 



Hihfi + ■■■ + ksfs}) < -F{ru . . . , r,) < -(ri + ■ ■ ■ + r,) 
ui{(k, + (3,(k,, u,))h + + + (3s(ks, Us))fs}) > _!l±_:±l£ 



where = deg(A;j) and ki = q""^ ^ + £j. By the definition of M there are infinitely many 
such s-tuples (fci, . . . , /cs). 

Let m := \_F{ri, . . . ,rs)J and N = We analyze the first summand in (fTOl) : We 

have 

...,ks) = i^{{kifi H h ksfs}) < -F{ri, . . . , r^) < -m 

and hence w > m. This means that G(A^, ^^(fci, . . . , kg)) = N and hence we obtain 



.i=i 



G{N,w{k,,...,ks)) 



aiH his 



Now we turn to the second summand in ffTOl) . We have 

+ ui),...,ks + f3s{ks, Us)) 

= + ^i(ku ui))fi + --- + (ks + (3s(ks, Us))fs]) 
^ ri H VTs 



and hence 



w{ki + /3i(A;i,Mi), ...,ks + f3s{ks,Us)) < 



ri H \-rs 



This means that 



< Cj{q)q '^2"^ " 

a^H — hSj, 

= C8(g,s)g 2 



and hence we obtain 



E 

li]^ ,. .. >0 
3j: UA>J 



\{d{k^+l3,{k,,u,)) 
j=i 



G(A^, w{ki + ui), . . . , fc^ + /^^(A;^, Us)) 



a\-\ h^s 

<C9(g,s)^ ' 



H hos 



Altogether we have 



aiH has 



q-^ 1 

1^1 > Cfifg, s)— ^- — -= cJq,s)^^, — -= Csfg, s) — — — 

I I — ^^aiH ha., ^^aiH ha., ^ ^aTH ha* 



gaiH has ' q"''^^ ' g'*!"! qJ/q 
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> Cio{q,s) 



gOiH has 



for J large enough and for deg(A;i) + ■ ■ ■ + deg{ks) large enough. Now 



-vaiH has 



= Cii (g, s) (ri H h r,) log(ri H h r J 

> ci2(g,s)(logAr)MoglogAr. 

From the definition of A it follows that there exists an a; G Q^(g"*) C [0, 1)^ such that 

\D{x,N)\ > c,,{q, s){log NY loglogN 

and the proof of Theorem [2] is finished. □ 
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